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This paper deals with the existence of periodic solutions for some partial
functional differential equations with infinite delay. We suppose that the linear
part is nondensely defined and satisfies the HilleYosida condition. In the nonlin-
ear case we give several criteria to ensure the existence of a periodic solution. In
the nonhomogeneous linear case, we prove the existence of a periodic solution
under the existence of a bounded solution.  2001 Academic Press
1. INTRODUCTION
The purpose of this work is to discuss the existence of a periodic
solution of the following partial functional differential equation with
infinite delay
d
x t  Ax t  F t , x , t 0,Ž . Ž . Ž .t 1Ž .dtx  	B,0
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where A is a nondensely defined linear operator on a Banach space
Ž  .E, . , and the phase space B is the linear space of functions mapping
Ž 
 Ž .from , 0 into E satisfying some fundamental axioms see Section 2 .
For every t 0, the function x 	B is defined byt

x   x t  , for 	 , 0 .Ž . Ž . Žt
 .The function F : 0, B E is continuous and -periodic in t.
Ž .Several results were obtained for Eq. 1 when the delay is bounded and
in this case the phase space is the space of continuous functions from
 
  
 Ž .r, 0 into E, especially we refer to 22, 25 . Equation 1 with A being
 
densely defined has been studied by several authors. In 911 , Henriquez
discussed the problem of existence of solutions defined in the sense of
 
classical semigroups theory. In 11 , regularity of solutions was obtained by
making sufficient conditions on the phase space, the perturbation F, and
 
on the C -semigroup generated by A. In 9 , existence of periodic solutions0
was investigated using the Sadovskii fixed point theorem on the well-known
 
 Ž .Poincare map. In 10 , a method of approximation of Eq. 1 by a family of´
equations with finite delays was introduced and results on the existence of
 
periodic solutions and stability were deduced. In 15 , Murakami treated
the stability properties when A is the infinitesimal generator of a compact
 
 Ž .semigroup. In 18 , Shin studied the existence and uniqueness of Eq. 1
 
when A generates a C semigroup. In 13 , Hino et al. established results0
Ž .on the existence of an almost periodic solution of Eq. 1 when A
generates a compact C semigroup by assuming the existence of a bounded0
 
solution which is BC-uniformly stable. Recently in 20 , Shin and Naito
established the existence of a periodic solution for some nonhomogeneous
linear functional differential equations in a Banach space. The linear part
is assumed to generate a compact C -semigroup and the authors obtained0
several criteria on the existence of a periodic solution. The following
method is based on the perturbation theory of semi-Fredholm operators
and the fixed point theorem for affine map which has been obtained by
 
Chow and Hale in 6 .
 
 Ž .In 1, 2, 4 , we considered Eq. 1 with A being nondensely defined and
satisfying the HilleYosida condition. More precisely, we addressed the
problem of existence, uniqueness, regularity, existence of global attractor,
and local stability by means of the integrated semigroups theory. For
 
  
similar approaches, we refer to 3 for equations with finite delay, to 5 for
equations without delay, and also to some references therein.
The aim of this paper is to investigate the existence of periodic solutions
Ž .for Eq. 1 with A satisfying the HilleYosida condition without being
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densely defined. Mainly, we recuperate the announced results in 9 . Then,
assuming that the phase space B satisfies an extra axiom, we prove the
existence of a periodic solution under slightly different conditions. Finally,
Ž .in the case where B is a uniform fading memory space, we exhibit a
Massera type criterion for the nonhomogeneous linear case. Our main
 
results would be extensions of the results obtained in 6, 9, 20 .
In Section 2, we recall some basic results on existence and uniqueness of
Ž .integral solutions of Eq. 1 . In Section 3, we establish some results on the
existence of periodic solutions in the nonlinear case. In Section 4 we deal
with the nonhomogeneous linear case and we prove Massera’s criterion:
the existence of a bounded solution implies the existence of a periodic
solution. The remaining section is devoted to an example.
2. EXISTENCE AND CONTINUATION OF SOLUTIONS
Throughout this paper, we suppose that A satisfies the HilleYosida
condition:
Ž . Ž .H1 There exist two constants M 1 and 	 with   
n nŽ . Ž . Ž .  4 Ž . A and sup   R , A :  , n	 M, where  A is
Ž . Ž .1the resolvent set of A and R , A  I A .
Ž   .We assume that B, . is a seminormed abstract linear space ofB
Ž 
functions mapping , 0 into E, which satisfies the fundamental axioms
 
first introduced in 8 :
Ž . Ž . Ž . A There is a positive constant H and functions K . , M . : 
, with K continuous and M locally bounded, such that for any 		,
Ž 
 Ž . a 0, if x : , 	 a  E, x 	B, and x . is continuous on 	 , 		

  
a then for every t in 	 , 	 a the following conditions hold:
Ž .i x 	B;t
Ž .  Ž .   ii x t H x , which is equivalent toBt
Ž .  Ž .   ii for each 
	B, 
 0 H 
 ;B
Ž .   Ž .  Ž .  Ž . iii x  K t 	 sup x s M t 	 x .B Bt 	  s t 	
Ž . Ž . Ž .A1 For the function x . in A , t x is a B-valued continuoust
 
function for t in 	 , 	 a .
Ž .B The space B is complete.
Ž .Notice that axiom B is equivalent to saying that the space of equiva-
ˆ    4lence classes BB .  
 : 
	B is a Banach space.ˆB
 
For a deeper discussion on the phase space B, we refer to 12 .
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Ž 
DEFINITION 1. We say that a function x: , a  E, a 0, is an
Ž . Ž 
integral solution of Eq. 1 in , a if the following conditions hold:
 
i x is continuous on 0, a ,Ž .
t  
ii x s ds	D A , for t	 0, a , andŽ . Ž . Ž .H
0
t t
 0  A x s ds F s, x ds,Ž . Ž . Ž .H H s
0 0iii x t Ž . Ž .
0 t a, t ,  t 0.Ž .
Ž . Ž .It follows from ii that for an integral solution x, we have x t 	 D A ,Ž .
Ž .for all t 0. In particular,  0 	 D A .Ž .
Define the part A of A in D A byŽ .0
D A  x	D A : Ax	D A , 4Ž . Ž . Ž .0½ A x Ax for x	D A .Ž .0 0
 
 Ž Ž ..LEMMA 1 21 . A generates a C -semigroup T t on D A .Ž .0 0 0 t 0
 
 Ž .It is well known from 1, 21 that for 	B such that  0 	 D A , ifŽ .
Ž .the associated integral solution x . ,  exists, then it is given by the
formula
t
T t  0  lim T t s B F s, x . ,  ds,Ž . Ž . Ž . Ž .Ž .H0 0  s
 0x t ,  Ž .
for t 0, 
 t , for t	 , 0 ,Ž . Ž
Ž .where B  R , A .
Assume the following compactness condition:
Ž . Ž Ž .. Ž .H2 The semigroup T t is compact on D A , that is, T t isŽ .0 t 0 0
compact in D A whenever t 0.Ž .
 
 Ž . Ž .PROPOSITION 1 1 . Assume that H1 and H2 hold. Let  be a
 
nonempty subset of B and F be continuous on 0, a , a 0. If 	
Ž . Ž . Ž . Ž 
with  0 	 D A , then Eq. 1 has an integral solution x . in , b , forŽ .
Ž .some b	 0, a .
Ž .  .H3 F takes bounded sets of 0, B into bounded sets of E.
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 Ž . Ž . Ž .PROPOSITION 2 1 . Assume that the conditions H1 , H2 , and H3
Ž . Ž .hold and let 	B such that  0 	 D A . Then, Eq. 1 has an integralŽ .
Ž . Ž .solution x . ,  in a maximal interal , b and either b  or 
 Ž . lim sup x t,  .t b
Global existence and uniqueness is obtained under the following as-
sumption:
Ž .  .H4 F : 0, B E, a 0, is continuous in t and uniformly
Lipschitz continuous with respect to the second argument: there exists a
 Ž . Ž .   positive constant L such that F t,   F t,   L    forB1 2 1 2
every t 0 and  ,  	B.1 2
 
 Ž . Ž .THEOREM 1 2 . Under the conditions H1 and H4 , let 	B with
Ž . Ž . Ž . 0 	 D A . Then Eq. 1 has a unique integral solution x . ,  which isŽ .
defined for t 0. Moreoer, there exist two locally bounded functions
 Ž . Ž . Ž . Ž .m . , n . :  such that for  ,  	B with  0 ,  0 	 D AŽ .1 2 1 2
and t 0, one has
nŽ t .  x . ,   x . ,  m t e    .Ž . Ž . Ž . Bt 1 t 2 1 2B
3. MAIN RESULTS
Set
X 	B :  0 	 D A , 4Ž . Ž .
and
E 	 X : Eq. 1 has a unique integral solution Ž .
x . ,  defined on  .4Ž .
Ž . Ž .PROPOSITION 3. Assume that H1 holds. If 	 E such that x . ,  
Ž . Ž . then x . ,  is an -periodic solution of Eq. 1 .
Ž . Ž . Ž . Ž .Proof. Let x .  x . ,  and y .  x . . Then for t 0
t
y t  T t   0  lim T t  s B F s, x ds,Ž . Ž . Ž . Ž . Ž .H0 0  s
 0
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which implies that

y t  T t T   0  lim T  s B F s, x dsŽ . Ž . Ž . Ž . Ž . Ž .H0 0 0  s
 0
t
 lim T t  s B F s, x dsŽ . Ž .H 0  s
 

 T t T   0  lim T  s B F s, x dsŽ . Ž . Ž . Ž . Ž .H0 0 0  s
 0
t
 lim T t s B F s  , x dsŽ . Ž .H 0  s
 0
t
 T t x   lim T t s B F s, y dsŽ . Ž . Ž . Ž .H0 0  s
 0
t
 T t y 0  lim T t s B F s, y ds.Ž . Ž . Ž . Ž .H0 0  s
 0
Ž . Ž .Since y  x  , by the uniqueness property of x . ,  we have y t 0 
Ž .x t for all t	 , which proves our claim.
Ž . Ž .Define the Poincare map P : E X by P   x . ,  , where´   
Ž . Ž . Ž .x . ,  is the integral solution of Eq. 1 . To show that Eq. 1 has an
-periodic solution, it suffices to show that, by Proposition 3, P has a
fixed point. Before doing so, let us study the continuity of P .
PROPOSITION 4. Each of the following conditions implies the continuity
of P .
Ž . Ž . Ž .i Conditions H1 and H4 are satisfied.
Ž . Ž . Ž . Ž .ii Conditions H1 , H2 , and H3 are satisfied and for each 	 E ,
 Ž .  
 Ž .4there exists r  0 such that the set x . ,  : s	 0,  , 	 B  , r is s 
Ž .    4bounded, where B  , r  	 E :    r .B 
Ž .Proof. i The continuity of P follows from Theorem 1.
Ž . Ž k .Suppose that the conditions in ii are satisfied. Let 	 E and   Ek
k Ž . Ž .be a convergent sequence with lim    . Set x .  x . ,  andk
kŽ . Ž k . Ž n. Ž n.x .  x . ,  . We will prove that any subsequence    has an n
Ž nk . nksubsequence  such that P   P  , as k, from which wek  
k  kŽ .will conclude that P   P  . In fact, we will first show that x . : k 
4 Ž 
 . Ž .Ž .	 is relatively compact in C 0,  ; E . Using axiom A ii , we can see
 kŽ . 4  k that  0 : k	 is relatively compact in E. Suppose that    B
 Ž . kŽ . 4 r . It’s clear that T t  0 : k	 is relatively compact in E. Let 0
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0 t  and 0  t. Then
t klim T t s B F s, x dsŽ . Ž .H 0  s
 0
t k T  lim T t  s B F s, x dsŽ . Ž . Ž .H0 0  s
 0
t k lim T t s B F s, x ds.Ž . Ž .H 0  s
 t
Ž .Since T  is compact, there exists a compact set W such that0 
t kT  lim T t  s B F s, x ds : k	 W .Ž . Ž . Ž .H0 0  s ½ 5ž / 0
From the boundedness of F, there exists a positive constant a such that
t klim T t s B F s, x ds  a , uniformly in k	.Ž . Ž .H 0  s
 t
 kŽ . 4We deduce that the set x t : k	 is totally bounded and therefore is
relatively compact in E. To establish the equicontinuity, let 0 t  t .0
Then
k kx t  x tŽ . Ž .0
tk k T t  T t  0  lim T t s B F s, x dsŽ . Ž . Ž . Ž .Ž . Ž .H0 0 0 0  s
 t0
t0 k T t t  I lim T t  s B F s, x ds .Ž . Ž .Ž . Ž .H0 0 0 0  s
 0
Ž Ž ..  
The semigroup T t is compact for t 0. It follows from 23 that0 t 0
lim T t  T t  0,Ž . Ž .0 0 0
tt0
which implies that
klim T t  T t  0  0, uniformly in k	.Ž . Ž . Ž .Ž .0 0 0
tt0
On the other hand there exists a positive constant b such that
t klim T t s B F s, x ds  b t t , uniformly in k	.Ž . Ž .Ž .H 0  s 0
 t0
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 t0 Ž . Ž k . 4Moreover W  lim H T t  s B F s, x ds : k	 is relatively0  0 0 0  s
compact and it is well known that
lim T h  I u 0, uniformly in u	W .Ž .Ž .0 0
h0
 kŽ . kŽ . Which implies that lim x t  x t  0, uniformly in k	. For0t t0t t0
 kŽ .0 t t  , one can use a similar argument to show that lim x t0 t t0t t0
kŽ .  Ž kŽ ..x t  0, uniformly in k	. It follows that x . is equicon-0 k	
 kŽ . 4tinuous. By the ArzelaAscoli theorem, we deduce that x . : k	 is´
Ž 
 . n krelatively compact in C 0,  ; E . Therefore, if  is a subsequence of  ,
Ž nk . Ž n.there exists a subsequence x . ,  of x . , which converges to a
Ž . Ž 
 . Ž . Ž . Ž . Ž .certain function u . 	 C 0,  ; E with u 0   0 . Set u    
Ž .Ž .  
 Ž nk .for  0. Using axiom A iii , we infer that for all s	 0,  , x . , s
 Ž nk . 4 u as k . Since x . , : 0 s , k	 is a bounded set ofs s
B and F takes bounded sets into bounded sets, then we have
t
u t  T t  0  lim T t s B F s, u . ,  ds, t 0.Ž . Ž . Ž . Ž . Ž .Ž .H0 0  s
 0
Ž n. Ž n.As  is an arbitrary subsequence of  , this shows thatn 0 n 0
nŽ . Ž .x . ,   x . ,  as n, and P is continuous on E.  
Assume that
Ž .H5 there exists a nonempty closed bounded and convex subset D
Ž .  Ž .  
 4in E such that P D D and the set x . ,  : s	 0,  , 	D is s
bounded.
Ž . Ž . Ž . Ž .THEOREM 2. Assume H1 , H2 , H3 , and H5 hold. If
inf M  	 HK 	 sup T t M 	  1, 2Ž . Ž . Ž . Ž . Ž .0
0	 0t	
Ž .then Eq. 1 has at least one -periodic solution.
In order to prove this theorem, we need some preliminaries. The
Ž .Kuratowski’s measure of noncompactness   of  is defined by
 4   inf d 0 :  has a finite cover of diameter  d .Ž .
 
THEOREM 3 17 . Let Z be a Banach space, D a conex closed and0
bounded set of Z, and P : D D an -condensing map, that is, P is0 0
Ž .continuous and for eery bounded set DD with  D  0,0
 P D   D .Ž . Ž .Ž .
Then P has at least one fixed point in D .0
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Ž .Proof of Theorem 2. It is clear that the condition ii in Proposition 4 is
Ž . Ž .verified for ED. Then the map P   x . ,  is continuous from D 
ˆ ˆ ˆto D. Moreover, there exists an induced application P : DD that
ˆ ˆŽ .satisfies the condition P 
  P 
 for all 
	D and every 
	 
. WeŽ .ˆ ˆ ˆ 
ˆ ˆshall prove that P is condensing. Since for all CD, there exists VD
ˆ ˆ ˆŽ . Ž . Ž Ž ..such that C V and  C   V , it suffices to estimate  P G
Ž .  
only for each subset GD with  G  0. If we let G 	 ,  , 0 	 ,
be the set defined by
 
G 	 ,   x . , 
 : 
	 G , 4Ž .  
 	 , 
Ž . Ž .Ž .then, using H5 and axiom A ii we can see that the conditions of
 
Theorem 2.1 in 19 are satisfied. Hence
ˆ ˆ ˆ 
 P G  K  	  G 	 ,  M  	  G , 3Ž . Ž . Ž .Ž . Ž . Ž .Ž . 	
 Ž . 4  
where G  x . , 
 : 
	 G . On the other hand, for all 	 0, G 	 , 	 	
Ž 
 .is relatively compact in C 	 ,  ; E . To prove this assertion, we use the
Ž .fact that T t is compact for any t 0 and we can proceed as in the proof0
 
  
of Proposition 4 in 2 . That is, we prove that the family G 	 ,  is
 
Ž .  
equicontinuous and G 	 ,  t , for each t	 0,  , is relatively compact
Ž .in E. Thus, 3 becomes
ˆ ˆ ˆ P G M  	  G . 4Ž . Ž .Ž . Ž .Ž . 	
ˆŽ .  
  
 Ž .To estimate  G , we take 0, 	 instead of 	 ,  in 3 , and we infer	
that
ˆ ˆ 
 G  K 	  G 0, 	 M 	  G . 5Ž . Ž . Ž .Ž .Ž .Ž .	
Next we prove that
 
 G 0, 	 H sup T t  G . 6Ž . Ž . Ž .Ž . 0
0t	
Ž .  Ž . 4 Ž .Ž .In fact, if G 0  
 0 : 
	 G then axiom A ii gives
 G 0 H G . 7Ž . Ž . Ž .Ž .
Ž Ž .. Ž . Ž .Let d 0 such that  G 0  d. By definition of  . , G 0 has a finite
Ž . Ž .cover C  E, such that diam C  d. Next, for a subset C of E,i 1 i n i
we denote by C the set
C T . u : u	 C .Ž . 40 0, 	 

Then it is clear that
diam C  sup T t dŽ . Ž .i 0
0t	
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and
n
 G 0  C .Ž .  i
i1
Hence

 G 0  sup T t d.Ž . Ž .Ž . 0
0t	
Ž . Ž .The last inequality together with 7 and the choice dH G   ,
 0, imply that

 G 0 H sup T t  G ,Ž . Ž . Ž .Ž . 0
0t	
since
 
G 0, 	  G 0  w . , 
 : 
	 G , 4Ž . Ž .  
0, 	
Ž . t Ž . Ž Ž ..  
where w t, 
  lim H T t s B F s, x . , 
 ds, for t	 0, 	 . 0 0  s
One can use similar arguments as in the proof of Proposition 4 to see that
 Ž . 4 Ž 
 .w . , 
 : 
	 G is relatively compact in C 0, 	 ; E . In fact, let0, 	 

0 t 	 and 0  t. Then
t
lim T t s B F s, x . , 
 dsŽ . Ž .Ž .H 0  s
 0
t
 T  lim T t  s B F s, x . , 
 dsŽ . Ž . Ž .Ž .H0 0  s
 0
t
 lim T t s B F s, x . , 
 ds.Ž . Ž .Ž .H 0  s
 t
Ž .Since T  is compact, there exists a compact set W such that0 
t
T  lim T t  s B F s, x . , 
 ds : 
	 G W .Ž . Ž . Ž .Ž .H0 0  s ½ 5ž / 0
From the boundedness of F, there exists a positive constant a such that
t
lim T t s B F s, x . , 
 ds  a , uniformly in 
	 G .Ž . Ž .Ž .H 0  s
 t
 Ž . 4Hence the set w . , 
 : 
	 G is totally bounded and therefore is0, 	 

relatively compact in E. To establish the equicontinuity, let 0 t  t 	 .0
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Then
w t , 
  w t , 
Ž . Ž .0
t
 lim T t s B F s, x . , 
 dsŽ . Ž .Ž .H 0  s
 t0
t0 T t t  I lim T t  s B F s, x . , 
 ds .Ž . Ž . Ž .Ž . Ž .H0 0 0 0  s
 0
There exists a positive constant b such that
t
lim T t s B F s, x . , 
 ds  b t t ,Ž . Ž . Ž .Ž .H 0  s 0
 t0
uniformly in 
	 G .
 t0 Ž . Ž Ž .. 4Moreover, W  lim H T t  s B F s, x . , 
 ds : 
	 G is rel-0  0 0 0  s
atively compact and it is well known that
lim T h  I u 0, uniformly in u	W ,Ž .Ž .0 0
h0
 Ž . Ž . which implies that lim w t, 
  w t , 
  0, uniformly in 
	 G.0t t0t t0
Using a similar argument for 0 t  t  	 , one can show that0
 Ž . Ž . lim w t, 
  w t , 
  0, uniformly in 
	 G. It follows that0t t0t t0
 Ž . 4w . , 
 : 
	 G is equicontinuous. By the ArzelaAscoli theorem,´0, 	 

 Ž . 4 Ž 
 .we deduce that w . , 
 : 
	 G is relatively compact in C 0, 	 ; E .0, 	 

Ž . Ž .We complete the proof of 6 by the properties of  . .
Ž . Ž . Ž .The inequalities 4 , 5 , and 6 show that for all 0 	 ,
ˆ ˆ ˆ P G M  	 HK 	 sup T t M 	  G .Ž . Ž . Ž . Ž .Ž . Ž .Ž . 0
0t	
ˆŽ .Finally, condition 2 implies that P is -condensing.
ˆ ˆBy Theorem 3, we conclude that there exists 
	D such that P 
 
.ˆ ˆ ˆ
n nˆŽ . Ž .Then P 
  P 
  
 for all n	. Sinceˆ ˆ 
 
m n m n   P 
 P 
  P 
 P 
 , for m , n	.B B   
Ž n .P 
 is a Cauchy sequence of B, which implies that there exists 	D n
such that P k
  , as k. Consequently P   . This completes 
the proof by use of Proposition 3.
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Ž .Remark 1. Assumption H5 seems to be strong, but in the nonhomo-
geneous linear case, we will prove that the existence of a bounded solution
Ž .implies that H5 is true.
Ž .In the sequel, we suppose that H4 is satisfied.
Ž .Define U t on C for t 0 by
U t  x . ,  ,Ž . Ž .t
Ž . Ž .where x . ,  is the integral solution of Eq. 1 .
Ž .The following result on the solution operator U t , t 0, is a key
property to the existence of periodic solutions.
Ž . Ž . Ž . Ž .PROPOSITION 5. Assume that H1 , H2 , and H4 hold. Then U t is
decomposed as
U t U t U t , t 0,Ž . Ž . Ž .1 2
Ž Ž ..where U t is the solution semigroup of1 t 0
x t  T t  0 , t 0Ž . Ž . Ž .0 8Ž .½ x  	 X ,0
Ž .and U t is compact for t 0.2
Ž .Proof. Let  be a bounded sequence in X . Then for t 0 onen n 0
has
 
U t   0 if 	 t , Ž . Ž .Ž .2 nU t   Ž . Ž .Ž .2 n ½ 0 if 	 ,t .Ž .
Ž 
 Ž Ž . .Ž . 4We will first show that for all 	 , 0 , U t   : n 0 is rela-2 n
tively compact in E. Let 0 t  , choose  such that  t  . Then
U t  Ž . Ž .Ž .2 n
t
 lim T t  s B F s, x . ,  dsŽ . Ž .Ž .H 0  s n
 0
t
 T  lim T t   s B F s, x . ,  dsŽ . Ž . Ž .Ž .H0 0  s n
 0
t
 lim T t  s B F s, x . ,  ds.Ž . Ž .Ž .H 0  s n
 t
 Ž Ž ..  
 4 Ž .By Theorem 1, F s, x . ,  : s	 0, t , n 0 is bounded. Since T s n 0
is compact, there exists a compact set W such that
t
T  lim T t   s B F s, x . ,  ds : n 0Ž . Ž . Ž .Ž .H0 0  s n½ 5
 0
W .
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Furthermore, there exists a positive constant c such that
t
lim T t  s B F s, x . ,  ds  c ,Ž . Ž .Ž .H 0  s n
 t
uniformly in n	.
Ž Ž . .Ž . 4Thus U t   : n 0 is totally bounded and therefore relatively2 n
compact. To establish the second assertion, it is sufficient to show that
Ž Ž . . Ž 
 Ž 
U t  is equicontinuous in , 0 . Let  	 , 0 . For 	2 n n 0 0
Ž 
, 0 close enough to  such that    , we see that0 0
U t    U t  Ž . Ž . Ž . Ž .Ž . Ž .2 n 2 n 0
 U t   0  U t   0 if  tŽ . Ž . Ž . Ž .Ž . Ž .2 n 2 0 n 0 U t   0 if  tŽ . Ž .Ž .2 n 00 if  t .0
For t    0, one has0
U t    U t  Ž . Ž . Ž . Ž .Ž . Ž .2 n 2 n 0
t 0 lim T t  s  T t   sŽ . Ž .Ž .H 0 0 0
 0
 B F s, x . ,  dsŽ .Ž . s n
t
 lim T t  s B F s, x . ,  ds.Ž . Ž .Ž .H 0  s n
 t 0
 Ž Ž .  
4By the boundedness of F s, x . ,  : n 0, s	 t  , t , we deduces n 0
that there exists a positive constant d such that
U t    U t  Ž . Ž . Ž . Ž .Ž . Ž .2 n 2 n 0
 T    IŽ .Ž .0 0
t 0
 lim T t   s B F s, x . ,  dsŽ . Ž .Ž .H 0 0  s n
 0
d   , for all n 0.Ž .0
 t 0 Ž . Ž ŽOn the other hand W  lim H T t    s B F s, x . ,1  0 0 0  s
.. 4 ds : n 0 is relatively compact in E and using the fact thatn
Ž Ž . .T . x is equicontinuous at the right in 0, we get0 x	W1
lim U t    U t    0, uniformly in n	.Ž . Ž . Ž . Ž .Ž . Ž .2 n 2 n 0
 0
 0
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A similar argument shows that
lim U t    U t    0, uniformly in n	,Ž . Ž . Ž . Ž .Ž . Ž .2 n 2 n 0
 0
 0
and we deduce the claimed equicontinuity. By the ArzelaAscoli theorem,´
Ž 
there is a continuous function  : , 0  E and a subsequence  ofn
Ž Ž . . Ž 
 Ž .U t  which converges compactly to  in , 0 . Since    02 n n 0 n
Ž .for t and n 0, then  is continuous and    0 if t.
Ž .Ž . Ž .Ž .Hence by axiom A i ,  belongs to B. Moreover, by axiom A iii ,
  Ž .  Ž . Ž .       K t sup      and we have    B Bn t  0 n n
0 as n . So the image of any bounded sequence contains a converging
subsequence in B with respect to the seminorm.
Ž .H6 There exists a nonempty closed bounded and convex subset D
Ž .in X such that P D D.
Ž . Ž . Ž . Ž .THEOREM 4. Assume that H1 , H2 , H4 , and H6 hold. If there
exists a positie constant  such that
 tU t  e , t 0. 9Ž . Ž .1
Ž .Then Eq. 1 has at least one -periodic solution.
Proof. We will use Sadovskii’s fixed point theorem as in the proof of
Ž .Theorem 2. Since U  is compact, then for each subset GD with2
Ž . G  0, one has
 ˆ ˆ ˆ ˆ P G  U  G   U  GŽ . Ž .Ž . Ž .Ž . Ž . 1
 ˆ e  GŽ .
ˆ  G .Ž .
 ˆ Ž .Thus P is -condensing on D and Eq. 1 has an -periodic solution.
In relation with the above condition, we have obtained the following
result:
 
PROPOSITION 6 2, 12 . Let  0 and C be the space of all continuous
Ž 
  Ž .functions  : , 0  E such that lim e   exists in E. Then C 
    Ž . together with the norm   sup e   , 	 C , satisfies axioms  0 
Ž . Ž . Ž .  Ž .  tA , A1 , and B . Moreoer if T t  e , t 0, where  is a positie0
Ž .constant, then condition 9 is true.
Now we will give some sufficient conditions ensuring the assumption
Ž . 1Ž .H5 . Consider the phase space B C  L g to be the space ofr
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Ž 
  
functions 
 : , 0  E such that 
 is continuous on r, 0 , for some
Ž .  Ž . r 0, Lebesgue measurable, and g . 
 . is Lebesgue integrable on
Ž . Ž .,r , where g : ,r  is a positive Lebesgue measurable
1Ž .function. A seminorm in C  L g is defined byr
r
 
  sup 
   g  
  d .Ž . Ž . Ž .B H
r0
We suppose that g satisfies:
Ž . Ž .i g is integrable on d,r for any d r, and
Ž . Ž 
  .ii there exists a locally bounded function G : , 0  0,
such that
g   G  g  , for all  0 and 	 ,r N ,Ž . Ž . Ž . Ž . 
Ž .where N  ,r is a set with Lebesgue measure 0.
 
 1Ž .Thus, Theorem 1.3.8 in 12 asserts that C  L g is a phase spacer
Ž . Ž . Ž .which verifies axioms A , A1 , and B .
Ž .Define  t , t 0, by
g  tŽ . t
 t  sup   t  g  d ,Ž . Ž . Ž .H0g Ž . trr
 4where tmax r, t and   1 .0 Ž, r 

Ž .In addition, we suppose that  t  0, as t.
 . Ž 1Ž ..PROPOSITION 7. Assume that F : 0,  C  L g  E is a con-r
tinuous and locally Lipschitz with respect to the second ariable function and
there exist N , N  0 such that1 2
1 F t , 
 N 
 N , for 
	 C  L g . 10Ž . Ž . Ž .B1 2 r
If there exist   0 and k  0 such that the following conditions hold:0 0
Ž .  Ž . Ž .i T t  exp  t , t 0,0 0
Ž . tr Ž . Ž Ž ..ii H g s t exp  t r s ds k for t r,0 0 0
Ž . Ž .Ž .iii N exp  r 1 k   .1 0 0 0
Ž Ž .. Ž .Then there exist R 0 and 	 0 such that P B 0, R  B 0, R and the	
 Ž . Ž . 4 1Ž .set x . ,  : 	 B 0, R , 0 t 	 is bounded in C  L g .t r
 
The proof of the proposition can be done in a similar way as in 9 .
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4. MASSERA TYPE CRITERION
Consider the following nonhomogeneous linear equation
d
x t  Ax t  L t , x  f t , t 0,Ž . Ž . Ž . Ž .t 11Ž .dtx  	B,0
where L is a continuous function form B into E, linear with the
second argument and -periodic in t, and f is a continuous -periodic
function.
For 
	B, t 0, and  0 we define

 0 if t  0Ž .
S t 
  Ž . Ž . ½ 
 t  if t  0.Ž .
Ž Ž ..We can see that S t is a C -semigroup on B and we sett 0 0
S t  S t , where B  
	B : 
 0  0 . 4Ž . Ž . Ž .B0 00
Ž 
Let C be the set of continuous functions 
 : , 0  E with compact00
Ž n. Ž 
support and recall that a sequence of functions 
 : , 0  E, isn	 N
Ž  nŽ . .uniformly bounded if sup sup 
  .n	 N   0
We suppose that B is a fading memory space in the sense that B
satisfies the following two axioms.
Ž . Ž n.C If a uniformly bounded sequence 
 in C converges to an 00
Ž 
  n function 
 compactly on , 0 , then 
 is in B and 
  
  0 asB
n.
Ž .  Ž . D1 S t 
  0 as t for all 
	B .B0 0
 Ž .It is well known by the Banach Steinhaus theorem that sup S t Bt 0 0
 .
Now assume that
Ž . Ž . H7 Equation 11 has a bounded solution y on  in the sense
 Ž . that sup y t .t	
Ž 
Let BC be the space of bounded continuous functions mapping , 0
into E with the uniform norm topology. Then one has
 
PROPOSITION 8 12 . Assume that B is a fading memory space. Then
   BCB and there exists a positie constant J such that 
  J 
 .B BC
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Moreoer
   x  J sup x s  1 JH S t 	 x ,Ž . Ž . Ž .B Bt 0 	
	st
Ž .for any function x arising in Axiom A .
Ž . Ž .So, if B is a fading memory space, then the functions K . and M . in
Ž .  . Ž . Ž .Axiom A can be chosen bounded on 0, . Using iii in Axiom A we
obtain the existence of a positive constant N such that1
 sup y N . 12Ž .Bt 1
t0
Ž . Ž . Ž . Ž . Ž .THEOREM 5. Assume that H1 , H2 , H7 , C , and D1 are satis-
fied. If
inf M  	 HK 	 sup T t M 	  1, 13Ž . Ž . Ž . Ž . Ž .0
0	 0t	
Ž .then Eq. 11 has an -periodic solution.
 4Proof. Set D co y : n	 where co denotes the closure of then
convex hull. Then D is a nonempty closed convex subset of X . D is
Ž .bounded and x . ,  	D for all 	D. In fact let 	D. Then there
Ž k .  4exists a sequence   y : n	 such thatk n
n nk k
k k k k k k   y ,   0,   1, and    0 as k .Ý Ý Bi n  i ii
i1 i1
Therefore
   k   k       B B B
nk
k k   k  y     ,Ý B Bi n i
i1
Ž .  and 12 yields  N . On the other hand, one hasB 1
nk
k k
kx . ,    x . , yŽ .Ž . Ý i  n i
i1
nk
k
k  y ,Ý i n i
i1
Ž k .  Ž . Ž k .so x . ,  	D. Since x . ,   x . ,   0 as k, andB  
Ž .D is closed we deduce that x . ,  	D for all 	D. Hence assumption
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Ž . Ž .H6 is true and by Theorem 3, we conclude that Eq. 11 has an
-periodic solution.
Ž .COROLLARY 1. Assume that B C ,  0. Under the conditions H1 ,
Ž . Ž . Ž . H2 , and H7 , Eq. 11 has a m-periodic solution, for a certain m	 .
 
Proof. It is known from 12 that if  0, the phase space C satisfies
Ž . Ž . Ž . Ž . 	C and D1 . Moreover K 	  1 and M 	  e . Hence
inf M  	 HK 	 sup T t M 	Ž . Ž . Ž . Ž .0½ 5
0	 0t	
 Ž	 .  inf H sup T t e  e .Ž .0½ 5
0	 0t	
 Ž .Furthermore, for a certain m	 , 13 in Theorem 5 is satisfied with
Ž .m instead of . Consequently Theorem 5 implies that Eq. 11 has a
m-periodic solution.
Next we suppose that B is a normed space and a uniform fading
Ž .memory space; that means that B satisfies the extra axioms C and
Ž .  Ž .D2 S t  0 as t.0
Ž .We will show the existence of a periodic solution without condition 13 .
Before doing so let us recall the following results.
Ž .Let H : Z Z be a closed linear operator with a dense domain D H in
Ž .a Banach space Z. We denote by 	 H the spectrum of H.
Ž .We define the essential spectrum of H, denoted by 	 H , as the set ofess
Ž .all  in 	 H for which at least one of the following holds:
Ž . Ž . Ž . 4i Im I H  I H z : z	 Z is not closed.
Ž . Ž . Ž .kii the generalized eigenspace M H  ker I H of  k1
is infinite dimensional,
Ž .iii 	 	 H .Ž .
For a bounded linear operator H, the Kuratowski measure of noncom-
Ž .pactness  H of H is defined by
 H  inf k	 :  H B  k BŽ . Ž . Ž .Ž .
for every bounded subset B of Z .4
Ž .The essential radius of 	 H is given byess
 r H  sup  : 	 	 H . 4Ž . Ž .ess ess
 
In 16 , Nussbaum has proved the formula
1nnr H  lim  H . 14Ž . Ž . Ž .ess
n
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Ž Ž ..Let V V t be a C semigroup on a Banach space Z, the essentialt 0 0
growth bound of V is defined by
1 1
 V  lim log  V t  inf log  V t ,Ž . Ž . Ž .Ž . Ž .ess t tt t0
 
and according to 24 , we have
r V t  exp t V , t 0. 15Ž . Ž . Ž .Ž . Ž .ess ess
THEOREM 6. Suppose that B is a uniform fading memory space. Under
Ž . Ž . Ž . Ž .conditions H1 , H2 , and H7 , Eq. 11 has an -periodic solution.
The proof is based on the following two results.
Ž . Ž .LEMMA 2. Let conditions H1 and H2 hold. Then, for any  0,
Ž Ž .. Ž .there exists a constant C  0 such that  U t  C M t  for t  . 1 
Ž .Proof. Let  be a bounded set in X such that    . For  0,
Ž . Ž .there exists a finite cover  of  such that diam     .i 1 i n i
Ž .Ž .Using Axiom A iii , we have for t  and 
, 	,
U t 
U t   K t  sup T s 
 0  T s  0Ž . Ž . Ž . Ž . Ž . Ž . Ž .1 1 0 0B
st
M t  U  
U   . 16Ž . Ž . Ž . Ž .1 1 B
On the other hand,
U  
U    K  sup T s 
 0  T s  0Ž . Ž . Ž . Ž . Ž . Ž . Ž .1 1 0 0B
0s
 M  
  ,Ž . B
which implies that
 U  
U    C 
  , 17Ž . Ž . Ž .B1 1 B
Ž .  Ž . Ž .where C  K  H sup T s M  . Consequently we have 0 s  0
U t 
U t   K t  sup T s 
 0  T s  0Ž . Ž . Ž . Ž . Ž . Ž . Ž .1 1 0 0B
st
 M t  C 
  . 18Ž . Ž .B
Ž .Ž .  Ž .Now,  is bounded in B and it follows from Axiom A ii that  0 : 
4 Ž Ž ..	 is bounded in E. Using the compactness of the semigroup T t ,0 t 0
 Ž . Ž . 4 Ž 
 .we can prove that T .  0 : 	 is relatively compact in C  , t , E .0
Ž .  Ž . Ž . 4Then there exists a finite cover  of T .  0 : 	 ini 1 im 0
Ž 
 . Ž .  Ž . Ž . 4C  , t , E such that diam    . Let   	 : T .  0 	  j .i i, j i 0
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Ž .Then   . For 
, 	 by 18 we havei, j i, j i, j
 U t 
U t   K t  M t  C   
  ,Ž . Ž . Ž . Ž . Ž . B1 1 B
and letting  go to zero we obtain
 U t  C M t  , for t  .Ž . Ž .Ž .1 
This completes the proof of the lemma.
 
THEOREM 7 6 . Let Z be a Banach space and P : Z Z a linear affine
map, that is, Px Lx y where L is a bounded linear map and y	 Z is
Ž . Ž n .fixed. If Im I L is closed and there exists an x 	 Z such that P x0 0 n 0
is bounded, then P has at least a fixed point.
Ž . Ž .Proof of Theorem 6. Let x . , 
, f be the solution of Eq. 11 . Then
Ž . Ž . Ž . Ž . Ž .x . , 
, f  x . , 
, 0  x . , 0, f , where x . , 
, 0 and x . , 0, f are re-
Ž .spectively the solutions of Eq. 11 with f 0 and 
 0. It follows that
Ž .the Poincare map P is given by P 
 L
  , with L
 x . , 
, 0´   
Ž .and  x . , 0, f . According to Proposition 5, L is decomposed as
Ž . Ž . Ž Ž ..follows LU  U  , where U t is the solution semigroup of1 2 1 t 0
Ž . Ž .Eq. 8 and U  is compact. By Proposition 8, K and M can be chosen2
Ž .such that K is bounded and M t  0 as t. Let  0 and t  00
Ž .such that C M t    1. Then, by Lemma 6, we have 0
log  U tŽ .Ž .Ž .1 0
 U   0.Ž .ess 1 t0
Ž .Hence 15 gives
r U   e e s sŽU1.  1.Ž .Ž .ess 1
On the other hand, we have
Ln U n  V , for all n 1,Ž .1 n
Ž .where V is a compact operator. Using formula 14 we getn
r L  r U   1.Ž . Ž .Ž .ess ess 1
Ž . Ž .Consequently Im I L is closed. Let y . , , f be the bounded solution.
Ž n . Ž Ž ..Then P   y . , , f is bounded. Hence, by Theorem 7, n 0 n n 0
the map P has a fixed point in B, which gives an -periodic solution of
Ž .Eq. 11 .
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5. APPLICATION
In order to apply the abstract result of the previous section, we consider
the following partial functional differential equation with infinite delay
 2 
w t ,   w t , Ž . Ž .2 t 
0
 b t G  w t  ,  d g t ,  ,Ž . Ž . Ž . Ž .H 19Ž .
t 0, 0   ,
w t , 0  w t ,  0, t 0,Ž . Ž .w  ,   w  ,  ,    0, 0   ,Ž . Ž .0
   
where b :  is a continuous -periodic function, g :  0, 
is a continuous function, -periodic with respect to time, G is a positive
Ž 
 Ž 
  
function on , 0 , and w : , 0  0,  is a continuous func-0
tion.
Ž . Ž .Note that Eq. 19 can be written as Eq. 11 . To do this choose
Ž 
 .E C 0, : endowed with the uniform norm topology and consider
Ž .the operator A : D A  E E defined by
2  
D A  y	 C 0, : : y 0  y   0 , 4Ž . Ž . Ž .Ž .
	½ Ay y .
 
From 7 , we know that
110,   A and I A  , for  0.Ž . Ž . Ž .

Ž .This implies that assumption H1 is satisfied. Moreover one has
D A  y	 E : y 0  y   0 . 4Ž . Ž . Ž .
 
It is known from 12 that the space C ,  0, introduced in Proposition 6,
is a normed uniform fading memory space.
We suppose that:
Ž . Ž .  Ž 
i G . e is integrable on , 0 ,
Ž . ŽŽ 
  
 . Ž   Žii w 	 C , 0  0, : , with lim e sup w  ,0  0  0
. . Ž . Ž . exists, and w 0, 0  w 0,  0.0 0
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Let
0  
L t ,    b t G     d , t 0, 	 0, ,Ž . Ž . Ž . Ž . Ž . Ž .H

	 C ,  
f t   g t ,  , t 0, 	 0, .Ž . Ž . Ž .
Then L is continuous form  C into E, linear with the second
argument and -periodic in t and f : E is continuous -periodic. If
we put
 
x t   w t ,  , t 0, 	 0, ,Ž . Ž . Ž .½  

    w  ,  ,  0, 	 0, ,Ž . Ž . Ž .0
Ž .then Eq. 19 is written in E as
d
x t  Ax t  L t , x  f t , t 0,Ž . Ž . Ž . Ž .t 20Ž .dtx  
 .0
Ž . Ž .We can see that assumption ii implies that 
	 C , and 
 0 	 D A .Ž .
Let A be the part of the operator A in D A given byŽ .0
2  
 	 	D A  y	 C 0, : : y 0  y 0  y   y   0 , 4Ž . Ž . Ž . Ž . Ž .Ž .0
	½ A y y .0
Ž Ž ..Then A generates a strongly continuous compact T t in D A .Ž .0 0 t 0
 Ž . tMoreover T t  e , t 0.0
Assume further that
Ž . Ž . 0 Ž .iii there exists d	 0, 1 such that 0 lH G  d 1 d,
 Ž . where l sup b t .0 t 
m  Ž . Let  1 , where m sup f t . Then we have0 t d
 Ž . LEMMA 3. Under the aboe assumptions, let 
	 C such that 
   
Ž 
 Ž .for all 	 , 0 . Then the integral solution of Eq. 20 is bounded by 
on .
Ž . Ž .  Ž . Proof. Let x . , 
 be the integral solution of Eq. 20 . Then x t, 
 
 for t 0. We proceed by contradiction. Suppose that there exists t  00
 Ž . such that x t , 
  . Let0
t  inf t 0 : x t , 
   . 4Ž .1
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By continuity, it follows that
x t , 
   , 21Ž . Ž .1
 Ž .  Ž .and there exists  0 such that x t, 
   for t	 t , t   . Since0 0
t
x t , 
  T t 
 0  lim T t s B L s, x . , 
  f s s,Ž . Ž . Ž . Ž . Ž . Ž .Ž .Ž .H0 0  s
 0
for t 0,
we have
t t1 1t Ž t s. Ž t s.1 1 1x t , 
  e  e L s, x . , 
 ds e m ds.Ž . Ž .Ž .H H1 s
0 0
Ž 
  
Since  s  t   t for all 	 , 0 and s	 0, t , we1 1 1
have
0
L s, x . , 
  b s G  x s  , 
 dŽ . Ž . Ž . Ž .Ž . Hs

0
  l G  d .Ž .H

Ž .Hence, by assumption iii
t t1 1x t , 
  e   dm 1 e .Ž . Ž . Ž .1
Therefore
t 1x t , 
   d 1 eŽ . Ž .1
 1,
Ž .which contradicts 21 by definition of t . This completes the proof of the1
lemma.
Finally, all conditions of Theorem 6 are satisfied, and consequently, Eq.
Ž .20 has an -periodic solution.
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